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Abstract
We obtain a fermionic coset realization of the primaries of minimal
unitary models and show how their four-point functions may be calcu-
lated by the use of a reduction formula. We illustrate the construction
for the Ising model, where we obtain an explicit realization of the en-
ergy operator, Onsager fermions, as well as of the order and disorder
operators realizing the dual algebra, in terms of constrained Dirac
fermions. The four-point correlators of these operators are shown to
agree with those obtained by other methods.

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1 Introduction
The study of two-dimensional Conformal QuantumField Theory (CQFT) has
received much attention in the last ten years, following the pioneering work of
Belavin, Polyakov, and Zamolodchikov (BPZ) [1]. Interest in this subject has
been promoted by the relation of 2D-CQFT's to two-dimensional statistical
systems near second-order phase transitions as well as in their relevance in
the study of classical solutions of string theories

.
Based on the general approach developed in [1], Friedan, Qiu and Shenker
(FQS) have shown [3] that unitarity of the representation of the Virasoro
algebra (VA) restricts the possible values of the central charge c, and the
conformal dimensions h of the elds to the range c  0; h  0, with c and h
taking only the discrete values
c = 1  
6
(k + 2)(k + 3)





(p(k + 3)  q(k + 2))
2
  1
4(k + 2)(k + 3)
(1.2)
if 0 < c < 1. These values of c characterize the so-called \minimal unitary
models". In particular, FQS have shown that for the rst four values of c












, the conformal dimensions given by (1.2)
coincide with the critical exponents of the Ising Model (IM), Tricritical-IM,
3-state Potts Model and Tricritcal Potts Model, respectively. About the same
time it has further been shown [4] that the critical points of RSOS models [5]
provide in fact particular realizations of all members in the discrete series.
The rst attempt to obtain explicit Quantum Field theoretic realizations
of these models was made in ref. [6], where the coset construction was used to
obtain new representations of the Virasoro algebra (VA). In particular it was




and H = SU(2)
k+1
,
provide realizations of the Virasoro algebra of minimal unitary models. The
possibility of an explicit realization of these coset models by gauging WZW
Lagrangians was also suggested.
Since then, the search for Lagrangian formulations of the coset construc-
tion have received much attention [8], [9], [7], [10].
In refs. [8], [9] it has been shown that the central charges of suitably
gauged WZW models coincide with the central charges of the GKO coset
models. The same conclusion has been reached from the study of gauged
fermionic models [7], [10]. In [9] it was further shown that the energy-
momentum tensor of the gauged WZW theory coincides with the one in
the GKO construction in the physical (BRST-invariant) subspace.

See ref. [2] for an extensive coverage and list of references.
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As far as the minimal unitary models are concerned, some specic primary
elds were constructed in the bosonic formulation by Gawedzki and Kupi-
ainen (GK) [8] and a general method for obtaining the other primaries has
been given. In the formulation of [8] the 4-point functions of these primaries
can be evaluated using a decoupled picture. A study of the full operator
content of both bosonic and fermionic gauged theories, including the relation
between their primary elds and the corresponding scaling elds in statistical
models is, however, lacking.
In the present paper we partially ll this gap and show how to realize some
of the primary elds, in the unitary minimal models in the framework of the
fermionic coset construction [7], [10]. By representing the partition function
of the fermionic coset formulation as a product of \decoupled" sectors, we
show that the primary elds are given by BRST-invariant composites of the
decoupled elds. We furthermore show how to obtain the correlators of the
primaries in this picture.
In the particular case of k = 1; c =
1
2
(corresponding to the IM) our
fermionic construction goes beyond the bosonic one of GK as we give a eld-
theoretic realization of all operators (energy-, order-, disorder-operators and
Majorana fermions) of the critical Ising model, as well as of the correspond-
ing order-disorder algebra, in terms of BRST-invariant local composites of
decoupled elds involving massless bosons and Dirac fermions. We further
show that all (mixed and unmixed) 4-point correlation functions agree with
the expected results.
The paper is organized as follows:







in the fermionic coset formulation, and show that it can
be written as the product of the partition functions of free Dirac fermions,
negative level WZW elds and ghosts.
The computation of the four-point function of primaries in the \decoupled
picture" requires the evaluation of four-point correlators of negative level
SU(n)-WZW elds in arbitrary representations. For positive level SU(n)-
WZW elds in the fundamental representation the general solution has been
given by Knizhnik and Zamolodchikov (KZ) [11]. The computation of higher-
spin 4-point correlators has, however, been restricted to SU(2) WZW elds
[12]. Making use of the equivalence between the SU(n)
N
WZW theory and
the fermionic coset U(nN)=(SU(N)
n
 U(1)) [13], we derive in section 3 a
\reduction formula" allowing one to calculate the correlators of primaries in
terms of WZW correlators belonging to SU(2).
In section 4 we then specialize to the case of k = 1, which is expected to
be equivalent to the critical two-dimensional Ising model [14]. We begin by
identifying the primary elds corresponding to the energy and spin operators
and show that their respective 4-point functions agree with known results
[15], [16], [1]. We next identify the disorder operator by requiring the usual
3
order-disorder algebra and show that the 4-point function involving both
order and disorder operators again agrees with known results [1]. A brief
summary of these results has been reported recently [17]. The computations
of the correlators are signicantly simplied by the use of the reduction
formula derived in section 3. We conclude this section by identifying the
Onsager [18] (Majorana) fermions.
In section 5 we discuss how the above construction of the primaries may
be generalized to the whole FQS series, and conclude in section 6.
2 Fermionic Coset Realization of the Mini-
mal Unitary Series
As was proposed in ref. [19], the fermionic realization of the G=H coset
model can be obtained from a free fermion Lagrangian with symmetry G
(G = U(N); O(N); ::) by freezing the degrees of freedom associated with the








are the conserved currents associated with the group H. In the
path integral formalism (2.1) is implemented by gauging the H-symmetry of
the fermionic Lagrangian.
As mentioned in the introduction, the minimal unitary series can be rep-
























where the l.h.s. stands for the realization of a SU(N) WZW -model of level
k, and the r.h.s. is realized by a theory of N  k free Dirac fermions  
i
(i =





















by gauging the respective symmetry groups. In this way one obtains a coset




















where the group SU(2)
k+1





















the SU(2) generators), which satisfy a
Kac-Moody algebra of level k + 1. The identication (2.4) receives support
from the equality of central charges as well as from the current correlation
functions in the corresponding Lagrangian formulation [8], [10].
According to the above prescriptions, the Lagrangian realizing the r.h.s.
































































where i; j = 1; 2; ;  = 1; 2; :::; k, and the gauge elds act as Lagrange
multipliers implementing the conditions (2.1).









































































































































































































































taking due account of the Jacobians of the respective transformations [21],











one arrives at the following decoupled form for the partition function













































































































exp((k + 5)W [~g
A





is the partition functions of SU(k); SU(2); U(1) and U(1)
decoupled ghost elds. The explicit form of the ghost partition function will



































where the second integral is over the three-dimensional ball with space time
as boundary. The total central charge is obtained by adding the individual
contributions. The central charge associated with a WZW eld of level K







































Adding to these central charges the contributions c
F







  8, we obtain (1.1), thus giving support to the identication
(2.4).
Note that theWZW -sectors have negative levels  2(k+1) and  (k+5),
respectively, which taken by themselves would imply the presence of negative
norm states. Unitarity is, however, restored by taking into account the other
sectors. Although the dierent sectors appear decoupled on the level of the
partition function (2.9), they are in fact coupled via the BRST quantization
conditions, the observables of the theory being required to be BRST invariant
[9]. In terms of the variables of the gauged Lagrangian (2.5), this amounts to
considering only gauge invariant composites of these elds. In particular, the
6
gauge invariant fermion elds can be constructed in terms of the exponential


































































where P denotes \path-ordering".
In section 5 we shall show that some primaries of the FQS models with
conformal dimensions given by the Kac formula (1.2) can be constructed as
suitable normal ordered products of these elds. Furthermore, as we shall
demonstrate for the IM in section 4, the Schwinger line integrals in (2.14)
play an essential role in the realization of the order-disorder algebra.
3 Reduction Formulae
In section 4 we shall be concerned with the calculation of four-point functions




































































































































The dimension of the composite 
(k)
2;2
is simply given in terms of the sum




















4(k + 2)(k + 3)
(3.5)





. The result (3.5)




with a primary eld.
































































(1; 2; 4; 3)G
B











(1; 3; 4; 2)G
B




















































































in terms of ~g
B
. The kine-
matic factors within the curly brackets in (3.6) arise from the contractions

























































;  = 
= 0;  6=  (3.10)
where  is an arbitrary infrared regulator.
The functions (3.7) and (3.8) and the corresponding ones for ~g
B
may
directly be obtained from the work of ref. [11], by continuing the KZ result
8





following from (2.3) [13] to obtain a
\reduction formula" which will prove very useful further on.
































































Comparison of the respective four-point functions then leads to a relation
between the four-point function of g 2 SU(N)
n
and ~g 2 SU(n)
 N 2n
. With



















































































































































































































































































(x; x) are the positive level WZW blocks which have been explicitly
calculated in ref. [11]
















































The remaining vacuum expectation values are obtained via the substitution





is a consequence of the bosonic character of the WZW eld, which implies
G
11




(1   x) = G
21
(x) (3.20)
As we shall see in the following section, relations (3.16) will prove very
useful. The real power of this reduction technique will, however, come into
play when considering the four-point function of other primaries, which, as
we shall see in section 5, require the calculation of four-point correlators of





other than fundamental ones. This poses the problem that the four-point
correlator of SU(k)-WZW elds (k 6= 2) are only known for the fundamental
representation. Via the reduction technique described above one can relate
the correlator in a given representation of SU(k)
 2(k+1)
to a correlator in
the transposed representation of SU(2)
k
. Since the four-point correlators of






, this allows one to calculate the four-point correlators
of ~g
B





, they may be obtained from known SU(2)
k
cor-
relators for positive level k, or from (3.16) in the case of k = 1 (Ising model).




coset representation of minimal models can in principle be calculated for ar-
bitrary values of k in terms of SU(2)-WZW four-point functions, modulo
free-eld correlators, in analogy with the bosonic coset case.
10
4 Fermionic Coset Description of IsingModel
As is well known, the critical Ising model can be described by a continuum






. [14], [23]. In
this description the energy density operator (x) is given by the local operator
product of two Majorana elds. While this representation has proven to be
useful, a corresponding local representation for the order (spin) operator (x)
and its dual, the disorder operator (x), is lacking.
In this section we use the ideas developed previously in order to construct
an explicit local representation of the operators (x); (x) and (x) as suit-
able products of gauged Dirac fermions, of conformal dimensions 1/2, 1/16,
and 1/16 respectively, in agreement with the critical exponents of the Ising
model. We also show that the corresponding four-point functions agree with
results obtained by other methods [15], [16], [1]. A corresponding realization
of the Majorana fermions is also given.
a) Energy and order operators
As was mentioned in the introduction, the critical Ising model corresponds
to a conformal eld theory with central charge c = 1=2, that is, to k = 1
in the series (1.2). As seen from (1.2), the operators " and  can thus be






of conformal dimension 1=2
and 1=16, respectively. In terms of our coset description, this leads us to



















































































































































































for the order operator, where  is a parameter of dimension one, which
we choose to coincide with the infrared regulator in (3.9). Recalling (3.2),
11
and noting that exp(2
b
) has dimension  1=4, one checks that the two
operators " and  have the correct conformal dimensions, once we make










:= 1 for the respective normal
ordered products.
For the fermionic coset formulation in question, one has two dierent
candidates for the 
(1)
2;2
primary eld. The linear combination of bilinears in
 and  in (4.2) is suggested by the known operator product expansion of
(x)(x+ ") [1, 24]. The specic form of , on the other hand, is suggested






(see eqs. (4.28), (4.29)).
From (4.1) one sees that all the multipoint correlation functions of " can










:= 1. For the four-































which agrees with the result obtained in the Majorana formulation [14].
The evaluation of the four-point function of  proceeds as in the case of
(3.4). It is convenient to introduce the notation





























Taking account of the selection rules contained in eqs. (3.6) and (3.7), we
are left with 16 terms which, because of Bose symmetry can each be reduced


































WZW eld are conveniently




































































, the sum being taken over all possible permutations P .





's are the hypergeometric functions
F
1

































































































are solutions of the second order dierential equation




From (4.5) and (3.16) with N = n = 2 we then obtain
G
A








































































It is remarkable that despite the appearance of two dierent combinations
of the f
i
's in (4.5) the nal result (4.7) can be written after a number of
manipulations in terms of the rst one of the combinations.





that expression (4.7) has the remarkable property of being invariant under the
permutation of the arguments. Hence all unmixed correlators of the above
type are given by the r.h.s. of (4.7). This leaves us with the calculation




(3)~(4)i. It is easy to see that this
correlator only involves the trace (3.7). Hence it involves the f
i
's only in the















Adding all contributions we thus nally obtain for the four-point correlator

































where normalization constants have been absorbed into the arbitrary mass
scale . This result agrees with the one obtained by [1] using general confor-
mal arguments.
b) Disorder operator and dual algebra
A complete characterization of the Ising model must also include the
disorder operator  of dimension 1=16. This operator should satisfy the










denotes the real part of z
i
. This leads us to make the following














+ ( $ ): (4.14)
The contribution of the non-abelian line integrals cancels as a consequence of
the underlying SU(2)-gauge invariance of the bilinears, as well as the absence







i, etc. We are thus formally left with















































































































































































































Making use of these commutation relations we obtain from (4.2) and (4.16)
the equal-time duality relation (4.13), as required.
The evaluation of the 4-point function of the -operator proceeds along
the same lines as in the case of the 4-point function of the order operator.
The result is again given by the r.h.s. of (4.12), as expected [15].
We next calculate the mixed 4-point correlation function< (1)(2)(3)


































In the mixed case the evaluation is less straightforward than in the case
of the unmixed four-point functions, since the operators  and  no longer
commute.
The fermionic selection rules lead us to consider the evaluation of 24 terms

























(4) >; as well as those
resulting from the permutation of the arguments, and the exchange  $ ~,
where  stands generically for the operators (4.4) and (4.21). This number
can be reduced by noting that two correlators related by the interchange
 $ ~ are equal. We outline the calculation for the case of two typical
terms.






































































where normal ordering with respect to the free bosons and fermions is un-



























































(1; 3; 2; 4)

where the phase exp(i=4) arises from the commutation relations (4.20).
For the case in question  = 2; in general it takes the values 2. Evaluation















































(y)) where Imx stands for \imag-
inary part of x", and y = x=(x  1).
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this time involving another combination of the f
i
's in accordance with the
expected analiticity properties of the result. (Compare with (4.8)). A nu-
merical factor has again been absorbed into the arbitrary parameter .


















































































































(1; 4; 3; 2) (4.25)
The phase in this case corresponds to  =  2. Expression (4.25) is seen to
involve the f
i














Explicit calculation shows that up to numerical factors, the same results
are obtained for the remaining terms contributing to the mixed correlator.
Absorbing again a normalization constant into the arbitrary scale parameter
























This result agrees with the one obtained by BPZ using general conformal
arguments
x
. [1]. This provides further support for our ansatze (4.1), (4.2)
and (4.14).
c) Realization of Onsager fermions
To complete our discussion of the Ising model, we give a realization of the






(x) [18] in the fermionic coset framework.







































































































; 0) and (0;
1
2
), respectively. This assignment agrees with
the usual representation of the energy operator (4.1) in terms of Majorana













5 Other statistical models in the minimal uni-
tary series
Our fermionic coset formulation is expected to allow for the realization of
all the primaries in the FQS series as products of the fundamental, gauge-







the conformal dimension of a general primary 
(k)
p;q
being given by (1.2).
We take the bosonic representation in terms of gauged WZW elds [8] as
a guideline for our construction. In ref. [8] the primaries in the FQS series
are constructed in accordance with (2.2) in terms of SU(2) WZW elds g and
g
0
of level k and 1, respectively, in a gauged WZW theory. This motivates


























































should be identied with the gauge-invariant WZW elds of
the gauged WZW action referred to above.
According to ref. [8] we need to consider elds g^
j









). They can be constructed as the

















where S stands for the symmetrization with respect to left and right indices
separately. We again restrict ourselves to the isospin zero sector. In this


















where p = 2j +1. The second equality in (5.3) is a result of the cancellation
of the Schwinger line integrals upon taking the trace. In the notation of (2.4)

































































































































with r = 2j, and where the superscript \(0)" in the l.h.s. means that the
diagonal SU(2)
k+1




is the fermionic coset representation of the SU(2)
k
WZW eld in the j-
representation [13].





the (2j + 1)-dimensional symmetric (S), antisymmetric (A) representation
of SU(2) and SU(k), respectively, with the corresponding Casimirs given by
[13]
C(S) = j(j + 1)



































































































































































again in agreement with Kac's formula. Note that the primary (5.10) has




Note also that for k = 1, these primaries are just the components making up
the order operator (4.1) in the Ising model.










































































































g, separately. Expressing the fermionic elds in terms of the decoupled





























































































Note that we are left with the symmetrization of only r   1 elds g
A
. This
is a combined eect of the cancellation of the Schwinger line integrals and










= 1 within the normal product. Using (3.3),
(3.4) and (5.7) one readily checks that the primary (5.12) has the conformal
19
































(r + k + 3)
2
  1
4(k + 2)(k + 3)
(5.15)
which is in agreement with Kac formula (1.2).
Other primaries
The primaries considered so far were constructed as local products of
chiral bilinears of the gauge-invariant fermion elds (2.14). The construction
of the remaining primaries will be carried out in the decoupled picture, where
the requirement of BRST invariance is more easily realized.





















, respectively. Our construction will involve bilinears commuting with




























(z)  0 are the rst-class constraints associated with the diagonal
SU(2) gauge symmetry,C
abc


































In order to deduce the rst-class constraints G
a
 0 from the decoupled
partition function (2.9), we follow refs. [19], [9] by simultaneously gauging















































































































































and use has been made of the invariance of the Haar measure. Note that for
the case in question C
V
= 2, so that the dependence of the corresponding



































































































































Analogous relations apply to the antiholomorphic part.
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Alternatively, the BRST charge (5.14) may also be obtained as the Noether





are constructed subject to the requirement that they
commute with the BRST charge (5.16). For p   q  2 this construction will
also have to include the currents (5.25) as we shall see below. Our starting






































Eq. (5.26) tells us that we can obtain the primaries by taking Kac-Moody
descendants of level N , from composites 
h




















































The coecients and  are then xed by the requirement of BRST invariance
of the primary (5.27).
We shall illustrate the procedure for the case p   q = 2; that is N = 1.





































































































i = 0 (5.32)
where j






(w; w) be regular. However, because of the normal
22
product appearing in (5.31), the computation of the commutator is more




































































































































































The r.h.s. of (5.39) is evaluated by recalling the explicit form of 
b
as given






























































, and 1l the 2  2 identity matrix; the sum in (5.41) runs over
all possible permutations of t
a
with the identity matrices.






















































































Substituting (5.43) into (5.42) the contribution of the second term in (5.42)











Making use of this result we see that the operator (5.38) will annihilate the







































Contracting (5.45) with f
abc












































+ (   1)(j   1)] 
a
(5.47)

















BRST invariance thus requires
 = (j   k   6) + c
V
+ (j   1)   k (5.49)




the lines discussed following eq. (??).






































































In this paper we have shown how to obtain a fermionic coset realization of
the primaries in the minimal unitary models. In particular we have been able
to obtain in this framework an operator realization of all the primaries in the
Ising model, corresponding to the energy, order and disorder operator, as well
as the Onsager fermions. The fermionic coset description played here a crucial
role in the realization of the order-disorder algebra. The four-point functions
of these primaries were explicitly computed and shown to coincide with those
obtained from the representation theory of the Virasoro algebra [1]. This
gave support to our identications on operator level. In section 5 we then










with arbitrary k and q = p; p  1 and p  2. We have also
indicated how the construction would proceed for general p   q > 2. In the
general case the evaluation of four-point functions will require the knowledge
of the four-point correlators of SU(k)
 2(k+1)
WZW elds. In section 3 we
have obtained a reduction formula reducing this problem to the computation
of the four-point function of SU(2)
k
WZW elds, which are known [12].
We expect our general construction to prove useful for obtaining a real-
ization of the order-disorder algebra of other critical statistical models. It
may also prove useful in the study of statistical models away from criticality.
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